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LARRY THEO WEDDLE JR. 
Mathematical Modeling of the Human Dental Arch and its 
Usefulness in Longitudinal Analysis of Treatment Effects. 
(Under the direction of DR~ CARL M. RUSSELL) 

In the practice of orthodontics, the shape of the 

dental arches is important in the planning and 

implementation of treatment. Many mathematical functions 

have been proposed for the characterization of arch form 

including catenary, p~lynomials, beta, conic sections, and 

cubic splines. The purpose of this study was to use linear 

and nonlinear least squares estimation to fit polynomial, 

catenary-like and beta-like curves to a longitudinal 

dataset and evaluate both the curve fits and the 

longitudinal information obtained. 

A longitudinal dataset was obtained from a private 

orthodontist. Dental casts of the upper and lower arches 

were made at three time points for each of 20 subjects: 

before treatment, immediately following treatment, and 

following a post-retention follow-up period of at least two 

years. Each cast and a calibration strip was scanned into 

a separate image computer file. Image analysis software 

was used to mark the (x,y) coordinates of buccal landmarks 

on each tooth from first molar to first molar. The (x, y) 

coordinates from each cast were collected into a central 

database for analysis. 



It was desired to use least squares for curve fitting 

due to its wide availability and well known properties. In 

order to use least squares, the casts were required to have 

consistent x-axis and y-axis orientation. This was done by 

orienting the x-axis parallel to the line connecting the 

centroids of the posterior teeth on the right and left 

sides of each cast. Eight functions were used in the 

curves fitting. The linear least squares method was used 

to fit polynomials of 2nd, 3rd, 4th, and 5th order. The 

nonlinear least squares method was used to fit a 

generalized 5-parameter beta function and generalized 

inverse catenary functions with 3, 4, and 5 parameters. 

Each of the eight functions was fit to each of the 120 

dental casts in the study. 

Curve fits were examined for each function and each 

subject, arch, and time point. The 4th and 5th order 

polynomials, the generalized beta, and the 4-parameter and 

5-parameter generalized inverse catenary functions fit 

well. For the 4th and 5th order polynomials, the R2 values 

ranged from xxx to xxx with acceptable visual fits. For 

the nonlinear models, the model sum of squares approximated 

the total sum of squares and the curves yielded good visual 

fits to the data points. Longitudinal analysis was done 

using Euclidean distance as the metric in the parameter 



space of each model. In order to assess the parameter 

metric in terms of physical measurements, the Euclidean 

distances in the parameter spaces were correlated with 

intercanine width, intermolar width, and molar-incisor 

distance. Consistent correlations were not identified 

though the curve fits were excellent. A comparison of arch 

form change between upper and lower arches was also done. 

Since the upper arches changed more, checking the ability 

of the parameter metrics of the various models to detect 

the change was of interest. 

and 3rd order polynomials, 

All of the models except 2nd 

and molar-incisor distance 

measures were capable of detecting the difference in change 

between the upper and lower arches (ANOVA p-values ~ 0.05). 

In summary, this study shows a successful method of 

orienting the casts for curve fitting by least squares. 

The models with at least 4 parameters generally fit well 

across the range of dental casts studied with the 5-

parameter models slightly superior. The longitudinal 

analysis indicates that traditional linear measurements 

such as intercanine width may not adequately measure the 

multidimensional aspects of arch form change. The 

parameter space metrics were able to discriminate between 

upper and lower arch form changes. 
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I. INTRODUCTION 

A. STATEMENT OF THE PROBLEM 

The subject of the human arch form has been discussed 

and debated in the dental and orthodontic literature for 

many years. Even with the existing knowledge of anatomy 

and craniofacial development, there is no unanimous choice 

of the one arch form that is the most representative of the 

human dental arch. The majority of previous arch form 

studies have attempted to discover a single shape or 

'average' that best describes the arch form of the subjects 

being studied. However there is a great deal of variation 

present in human arch form. Moreover, changes made in arch 

form are subject to a proportionate amount of instability 

and relapse. Therefore, it seems doubtful that a single 

arch form will be found which will be considered the 

'ideal' form to which every patient's results will be 

directed. 

In general, orthodontic treatment is directed towards 

producing an esthetic, functional, and stable arch form. 

Many clinicians adopt a single arch form that is applied to 

1 



the treatment of their patient's malocclusions regardless 

of the original arch form or severity of the malocclusion. 

Nevertheless many types of qualitative descriptions, 

mathematical curves, and simple geometric constructions 

such as a parabola, an ellipse, and the catenary curve have 

been proposed to describe the variety of forms of the 

normal dental arch (Currier, 1969; Pepe, 1975). More 

recently, mathematical formulas such as the cubic spline, 

conic sections, and the beta function have been used in 

attempts to more accurately describe the human dental arch 

form (Begole and Lyew, 1998; Braun, 1998; Sampson, 1981). 

The conclusions from these recent studies are again mixed 

in nature. Many researchers and clinicians have concluded 

that there is such a wide natural variation in the arch 

forms of different malocclusions that geometric comparisons 

are virtually impossible, and make the effective use of a 

single ideal arch form impractical. 

2 



B. LITERATURE REVIEW 

Early investigators studied the arch form in hopes of 

improving their understanding of occlusion and design of 

prosthetic appliances. Nevertheless, early evaluation of 

the human arch form was most often expressed as personal 

opinion, and based on clinical observations. In 1885, 

Bonwill believed that law and order infused every part of 

our body. In his study of human anatomy, Bonwill {1885) 

pointed out the tripod shape of the lower jaw. He 

concluded that it formed an equilateral triangle, averaging 

four inches per side, with the base extending from the 

center of one condyle to the other and the sides extending 

from each condyle to the midline of the central incisors 

{see Figure 1) . Bonwill {1885) believed that this triangle 

existed for the proper functioning of the teeth and never 

varied by more than one-quarter inch. He also made the 

important point that the bicuspids and molars formed a 

straight line from the cuspids to the condyles instead of a 

curved line towards the condyles. In 1905, Hawley 

utilizing some Bonwill's principles, proposed a geometric 

method for constructing the ideal arch form. Hawley {1905) 

suggested that the six anterior teeth be made to lie along 

a circle whose radius equaled their combined widths. From 

this circle he created an equilateral triangle, the base 

3 



Figure 1. Schematic of Bonwill's equilateral triangle 
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being the inter-condylar width, and the premolars and 

molars ideally lying along an extended straight line from 

the condyle to the distal of the canine (see Figure 2). 

Hawley (1905) made the point that this method for 

determining arch form should be used only as a guide in 

establishing arch form. Angle (1907) had previously 

discussed the line of occlusion in the seventh addition of 

his book by defining it as being nthe line with which, in 

form and position according to type, the teeth must be in 

harmony if in normal occlusion." Angle (1907) said the line 

resembled a parabolic curve, and nvaries within the limits 

of the normal, according to race, type, temperament, etc., 

of the individual." Therefore, Angle (1928) considered the 

Bonwill-Hawley arch form not to be useful for anything more 

than an approximation of the true line of occlusion. It is 

important to add that Angle (1928) did not accept the idea 

of using a predetermined arch form such as a semi-ellipse 

or horseshoe pattern for all patients without consideration 

of the patient's individual facial and dental 

characteristics. He believed that the shaping of the arch 

wires must be done very carefully for each patient 

recognizing the size and form of the existing dental 

arches, the size of the teeth, type of face and skull, and 

the general type of individual. Recognizing the difference 

6 



Figure 2. Schematic of Bonwill-Hawley modified triangle 
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in the labial-lingual thickness of the maxillary anterior 

teeth, Angle (1928) formed his arch wires with 

compensations such as the maxillary lateral inset bends to 

achieve the proper occlusal and proximal contacts. Angle 

(1928) found that without these compensations the anterior 

teeth would relapse if artificial support was not used to 

hold their positions. 

9 

The catenary curve has been one of the more popular 

shapes used to describe arch form since the early 1900's 

(Burdi and Lillie, 1966; Pepe, 1975; Scott, 1957). The 

catenary curve is recognized as a geometric curve produced 

by a freely hanging chain of fixed length suspended by its 

ends from two fixed points of varying width (see Figure 3). 

Scott (1957), followed by Burdi and Lillie (1966), supported 

the concept of the catenary curve as the most reproduced 

arch form based on the developmental anatomy of the dental 

arches and surrounding anatomic structures in human 

embryos. Scott (1957) suggested that the catenary arch 

form was established by the position of the dental lamina 

prior to tooth formation, and that the mature arch form 

depended upon the direction and extent of alveolar process 

growth. Burdi and Lillie (1966) observed that as the 

maxillary nasal complex grew in a forward direction, the 

palate increased its length to take on the catenary form. 



Figure 3. Schematic of physical catena~ curve. Freely 
hanging chain of fixed length suspended by its ends from 
two fixed points. 
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Scott (1957) stated that since arch form was established 

prior to birth, environmental influences such as the oral 

tissues play only a minor role in arch form determination 

once the teeth erupt. This suggestion has been disputed 

and contradicts Brader's (1972) balance of forces 

hypothesis described latter. White (1977) performed a 

subjective evaluation of the accuracy of the catenary curve 

to occlusal tracings of models and found that only 27% of 

the curves were a 'good fit' with an equal number having 

'poor fits'. 

More recently Pepe (1975) modeled the dental· arch form 

using the catenary curve. Pepe concluded from a study of 

catenary and polynomial curve equations, that no curves had 

remarkably good fits in describing an arch form. He found 

that of all curve-generating equations studied, the 

catenary was the least descriptive of all including the 

comparison to second order polynomials. 

In 1972, Brader proposed that the. dental arch form was 

made up of teeth which assume unique positions along a 

curve representing an equilibrium at all points and 

delimited by the counterbalancing forces of the tongue and 

circumoral tissues. His arch designs known as trifocal 

ellipses were developed where the teeth arrange themselves 
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in response to the pressures exerted on them. He developed 

an arch guide with five arch forms based on the arch width 

as measured from the facial, gingival surface of the second 

molars. Brader (1972} arch forms are alike in shape 

adapting to the facial surfaces of the dentition with the 

maxillary arch form selected being one size larger than the 

mandibular arch form. This is a convenient method needing 

only one quick measurement for both arches. 

Advanced mathematical techniques have also been used 

with greater frequency to describe the arch shape. Sampson 

(1981} has used a technique consisting of fitting arcs of 

conic sections to the data points representing the dental 

arches. Conic sections constitute a family of plane curves 

generated by the intersection of cones and planes. Conic 

sections include parabolas, circles, ellipses, and 

hyperbolas. The technique Sampson (1981} used for fitting 

the conic sections was based on a refinement of Bookstein's 

algorithm devised by Sampsom himself. 

Begole and Lyew (1998} have demonstrated a method of 

fitting a mathematical spline using a set of cubic 

equations between successive pairs of knot points. A knot 

is a point that the curve is forced to pass through, and 

different sets of knot points will generate different curve 
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configurations. ·she found the cubic spline to fit the arch 

form of well-aligned dental arches and that asymmetry· of 

the arch had no effect on goodness of fit unlike Sampson's 

(1981) conic sections. However Begole (1998) found that it 

was necessary to use three arbitrary points, known as 

floating points, to add to the flexibility of the splines 

to approximate the true arch form. Positioning these 

floating points is subjective, and without manipulation the 

cubic spline may not 'fit' the true arch form. 

Braun, Hnat, Fender, and Legan (1998) have recently 

attempted to demonstrate differences in arch depth and 

width using the beta function on Angle Class I, II, and III 

untreated subjects. The authors concluded that the human 

dental arch form is accurately represented mathematically 

by the beta function, and that it more accurately describes 

the dental arch form than previously reported methods. 

The dental literature indicates that the dental arch 

shows a natural propensity to relapse to its original form 

following orthodontic treatment (Little, Wallen, Riedel, 

1981; Merrifield, 1994; Riedel, 1969; Strang, 1952; Tweed, 

1945). It is generally accepted that minimal alterations 

to the original arch form during treatment will result in 

minimal post-retention changes. In contrast, significant 



alterations to the pretreatment arch form during 

orthodontic treatment will potentially result in 

significant postretention changes. Riedel (1969) reviewed 

the literature on previous studies concerning stability of 

arch form. Fifteen studies reported that when inter-canine 

or inter-molar width is increased during treatment, there 

is a strong tendency for the dentition to return to its 

pretreatment position. One of Riedel's (1969) conclusions 

concerning retention was that, "arch form, particularly in 

the mandibular arch, cannot be permanently altered during 

appliance therapy." Strang (1952) came to the conclusion 

that successful orthodontic treatment is dependent upon 

preserving the inherent muscular balance. Strang stated 

that "The mandibular cuspid width, as measured across the 

dental arch from one canine to the other, is an accurate 

index of the muscular balance of the individual and 

dictates the limit of the denture expansion in this area." 

He also stated that a stable result would only be achieved 

if the width of the lower first molars, in addition to the 

canines, were maintained. Little (1981) found that arch 

width and length decreased after retention, but that 

maintenance of the original inter-canine width does not 

guarantee long-term stability. 

15 
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On the other side of the argument are practitioners 

who claim long-term stability with expansion. The use of 

functional and headgear appliances have demonstrated 

orthopedic effects in mostly the vertical and sagittal 

dimensions. A procedure that has given the practitioner 

impressive results is the transverse separation of the 

maxilla using a rapid palatal expansion (RPE) appliance. 

This procedure has gained popularity due to it's potential 

of increasing arch perimeter to alleviate crowding in the 

maxillary arch without extracting permanent teeth and 

adversely affecting facial profile (Haas, 1970). The 

procedure can also aid in the correction of transverse 

disharmonies between the maxillary and mandibular arches, 

specifically unilateral and bilateral crossbite. Since the 

RPE appliance produces orthopedic or bony movements, the 

expansion should be more stable compared to dental 

expansion alone. However, regardless of the chosen method, 

expansion is thought to affect the muscular balance and 

it's relationship to the dentition. 

Brodie (1954) observed that as the teeth erupt they 

reach a position in balance between the normal and abnormal 

labial and lingual muscle forces. With expansion, once the 

maxillary arch is expanded the mandibular teeth follow the 

maxillary teeth by increasing their buccal inclinations. 



The dental expansion that occurs in the mandibular arch is 

due to two factors: 

1) The forces of occlusion are altered during the 
expansion so that the normal lingual vector of 
force on the mandibular teeth is redirected in a 
more buccal direction. 
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2) The lateral movement of the maxilla widened the 
area of attachment of the buccal musculature 
resulting in a change of balance between the tongue 
and buccal musculature19 allowing buccal movement of 
the mandibular dentition. 

Sandstrom, Klapper, and Papaconstantinou (1988) studied the 

effect of rapid maxillary expansion on increasing the arch 

dimension. A mean expansion of the inter-canine width of 

1.1 mm and a mean expansion of the inter-molar width of 2.8 

mm were found at two years post-retention. They concluded 

that the stability of the arch width might be the result of 

the altered muscular balance exerted on the dentition by 

the buccinator muscles. After expansion the muscles lie in 

a more lateral position allowing stability of the 

dentition's new position. It may also be attributed to the 

altered forces of occlusion. The above studies demonstrate 

the opposing philosophies concerning the long-term 

stability of expansion and the need to remove permanent 

teeth to achieve stable arches. The view that expansion is 

not stable long term carries the implicit view that 

permanent teeth must be extracted in order to achieve the 



orthodontic objective of an esthetic, functional, and 

stable correction of the malocclusion. 
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There have been two opposing views concerning 

extraction versus non-extraction since the time Tweed 

(1944) publicly opposed Angle's belief that the ideal 

dentition consisted of a full complement of teeth and that 

extractions should be eliminated from the treatment plan. 

Tweed (1944) recalled 100 cases treated initially without 

extraction that demonstrated some degree of relapse. Tweed 

(1944) experienced considerable relapse with his non

extraction approach, and these 100 cases were retreated 

using first premolar extractions in the maxillary and 

mandibular arches. This treatment approach influenced many 

orthodontists at the time to use extraction of permanent 

teeth as a viable treatment option for patients with 

crowded arches. However, the current trend in the practice 

of orthodontics has shifted toward using the principles of 

dentofacial orthopedics and non-extraction treatment 

modalities. 

C. PURPOSE 

The purpose of this study was to propose new 

variations of nonlinear mathematical functions for fitting 

dental arch form and to evaluate their use in the 
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longitudinal study of arch form. Two methodological issues 

were also addressed in order to achieve this purpose. 

These issues involve orientation of objects for least 

squares estimation and description of longitudinal changes 

characterized by multidimensional parameter spaces for each 

curve fit. The new variations of non-linear functions were 

based on the beta distribution and the catenary curve. The 

beta distribution was generalized to include five 

parameters. The hyperbolic secant was combined with 

polynomial arguments to generate three function analogs to 

the catenary. Polynomial models of degree two, three, 

four, and five were used as reference functions for curve 

fitting and longitudinal analysis. 



II • METHODS AND MATERIALS 

A. STUDY SAMPLE 

Dental casts were obtained from the archival records 

of Dr. Andrew J. Haas' Cuyahoga Falls, Ohio private 

practice. Dental casts and treatment records for each 

subject were selected by an assistant and shipped to the 

Medical College of Georgia Department of Orthodontics. The 

selection was based on the availability of post-retention 

records and a diagnosis of Class II Division I 

malocclusions. 

For the present study, only those cases that met the 

following criteria were used: 

1. Class II, Division I malocclusion 
2. Cases treated nonextraction 
3. Good quality pre-treatment, post-treatment, and 

post-retention models 
4. Post-treatment records taken immediately after the 

removal of the fixed appliances. 
5. Overall posttreatment results considered to be 

satisfactory. 
6. Patient out of all retention for at least 2 years. 

A total of 20 cases were considered to meet the 

criteria. All of these cases were treated using edgewise 

appliances after expansion of the maxillary arch via 

20 
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expansion of the inner bow of the face bow appliance 

(Kloehn) and /or Haas palatal expansion appliance. 

B. DATA ACQU~S~T~ON 

The pre-treatment (TO), post-treatment (Tl), and post-

retention (T2) maxillary and mandibular models for the 20 

chosen cases were scanned using Hewlett Packard's Scan Jet 

IIcx scanner and Desk Scan II version 2.6 software (see 

Figure 4) . The "sharp black and white photo setting" 

scaled at 100% was used. Each of the 120 images was saved 

as an uncompressed Tagged Image Format (TIF) file. Note 

that the printed resolutions of the images are not as high 

of quality as the screen images. 

Scion Image, downloaded from the World Wide Web, is an 

image processing and analysis program for the IBM PC 

developed by the National Institute of Health (NIH) in 

1998. It is based on NIH Image on the Macintosh platform. 

This program enabled us to import the scanned images (TIF 

files) of the dental casts and digitize landmarks. The x,y 

coordinate of each landmark was obtained using Scion Image. 

The landmarks identified were the midpoint of all incisal 

edges, buccal cusp of premolars and primary molars, and the 

' junction of the occlusal surface and buccal groove for all 

permanent first molars. Second molars were not included 



Figure 4. Example of scanned images used in our study. 



Before Treatment (TO) 

Immediately Following Treatment (Tl) 

At Least Two Years Following 
Removal of All Retention (T2) 
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due to the fact that most pre-treatment (TO) models had 

unerupted permanent second molars. Therefore, a total of 12 

landmarks were designated per model, producing a total of 

72 for each case. The x,y coordinates obtained were 

converted to millimeters (mm) and imported into Microsoft 

Excel to create a database. Each dental cast was scanned 
. 

with a millimeter ruler image visible on the scanned image. 

For each cast, the ruler was scanned to check calibration. 

The Excel database was exported to SAS (SAS Institute, 

Cary, NC) for statistical analysis. The procedure GLM was 

used for linear least squares estimation. The procedure 

NLIN was used with the DUD option for nonlinear least 

squares estimation. DUD is an acronym for "doesn't use 

derivatives". 

C. COORDINATE ROTATION 

A recurring problem noted in previous studies is the 

difficulty in orienting the curve in the x-y plane. In the 

present study, the method of least squares was used for 

curve fitting. Least squares is a commonly used method for 

determining parameter estimates, and its mathematical 

properties have been well documented in the statistics 

literature for over 100 years (Snedecor and Cochran, 1989). 



The least squares method is available in most modern 

computer packages for statistical analysis. 
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Least squares curve fitting requires a "meaningful" x

y plane orientation. This requirement is based on the fact 

that least squares is a method that minimizes vertical 

distances between the observed data points and the curve 

itself. To use a map analogy, it is important to the 

method of least squares that the map (graph) be oriented 

such that north and south are positioned correctly. 

In order to position the coordinate system for each 

case and arch, we first centered the x-y coordinates for 

each case and arch on the x andy means. Thus, after 

centering, the origin or point at which x=O and y=O was in 

the center of the digitized points for the individual. 

Following the centering, a rotation was done to orient the 

graph such that the best estimate of the centerline of the 

posterior teeth would be parallel to the x-axis. This was 

done by determining the mean of the x-y values of the 

posterior teeth on both sides. Then the line connecting 

these two points was used to rotate all points to better 

establish the vertical and horizontal directions. 
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D. MODELS STUDIED 

Eight mathematical models were selected for study. 

They were: 

• Polynomial of degree 2 

• Polynomial of degree 3 

• Polynomial of degree 4 
• Polynomial of degree 5 

• Generalized beta function 
• Generalized inverse catenary function (2 parameters) 
• Generalized inverse catenary function (3 parameters) 

• Generalized inverse catenary function (4 parameters) 

1. Polynomial Models 

The polynomial models were selected because they serve 

as a reference for the other models. Polynomial models 

have a hierarchical pattern in that each successive model 

of increasing order contains the terms of the models of 

lesser order. In addition, the polynomial models serve as 

a reference for the "dimension" of the problem of arch form 

description. That is, the series of polynomial models 

helps to assess how many parameters are necessary to 

adequately describe dental arch forms. For the 

polynomials, note the parameters, (Zo-Zs), number one 

greater than its order. The polynomial models considered 

in this study are as follows: 



Second Order 

Third Order 

Fourth Order 

Fifth Order 

2. Generalized Beta 

The beta distribution is well described in statistics. In 

its usual form, it is bounded on the interval between 

0 and 1. A comprehensive review of the beta distribution 

has been completed by Johnson and Kotz (1970) . The 

standard form of the beta function is as follows: 

27 



28 

For this study, we desired the general shape of the beta 

function without the requirements that the function obey 

the special properties of a statistical distribution. 

Thus, for this study, the function was generalized to 

appear as follows: 

The curve fitting for the generalized beta function was fit 

by nonlinear least squares using the DUD method (SAS 

software; SAS Institute, Cary, NC). Nonlinear least 

squares is different from linear least squares in that 

numerical methods must be employed in order to determine 

the best parameters for the curve fit. The DUD method is 

one of several methods for accomplishing this goal. 

The presentation of the mathematical model makes a 

difference in the numerical treatment of it within 
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nonlinear least squares. The model was restated for the 

nonlinear software routine as follows: 

It is easy to see that this restatement is mathematically 

equivalent to the original statement of the function where 

A, B, C, p, and q are the parameters. 

3. Generalized ~nverse Catenary Functions 

The catenary is a !-parameter function that has 

historically been reported to be a good approximation to 

the curve of the anterior teeth. It is the curve described 

by a chain suspended on two ends. In its usual form, the 

catenary is expressed as: 

[ 
" -;t] 

y = ; e-; + e-;;-

or 

y = acoshx 

where cosh is the hyperbolic cosine function. 

The single parameter a is related to the distance between 

the two ends of the chain. The catenary is concave up - as 
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implied by the hanging chain. In this study, the graphs 

were oriented concave down. In order to avoid additive 

constants to invert the graphs, we used the inverse 

function sech, or hyperbolic secant instead. The 

hyperbolic secant is concave down as desired. In addition, 

the sech was modified to allow a broader range of curve 

fits. The three models studied are as follows: 

y=Asech(Bx+Cx2 +Dx3 +E) 

y= Asech(Bx+Cx2 +E) 

y=Asech(Bx+E) 

E. EUCLIDEAN DISTANCE MEASURES 

The parameters of each model may be considered to be 

coordinates in a vector space. For example, for the 2nd 

order polynomial, there are 3 parameters. These parameters 

may be considered as x-y-z coordinates in a 3-dimensional 

vector space. In order to find distances in the vector 

space, the Euclidean distance may be calculated using the 

Pythagorean formula. The distance between points 1 and 2 

with coordinates (x1 ,y1 ,z1 ) and (x2 ,y2 ,z2l is computed as 

follows: 
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By analogy, each of the eight models studied may have 

parameters considered as coordinates in a vector space. In 

that way, three distances can be measures for each dental 

case and for each arch. These distances are: 

1. Distance from initial to post-treatment cast 
2. Distance from post-treatment to post-retention cast 
3. Distance from initial to post-retention cast 

The above distances in the respective vector spaces of the 

mathematical model represent changes experienced by the 

dentition. In order to examine the correlation of these 

abstract distances with observable changes in the arch 

forms, Spearman (rank) correlation coefficients were 

determined for each of the above abstract distances and 

three more concrete distances as follows: 

1. Inter-molar distance (IM) 
2. Inter-canine distance (IC) 
3. Mean of the right and left molar-to-central incisor 

distances (W) 

F. MAXILLARY VS. MANDIBULAR 

To examine the discriminating ability of the 

mathematical models via their abstract distances and the 

concrete changes in arch form, the maxillary and mandibular 



arches were compared. The analysis used was a two-way 

analysis of variance with the case used as the blocking 

factor and the arch the factor of interest. Specifically, 

we wanted to see which mathematical models carry enough 

information to show a significant difference in maxillary 

and mandibular arch forms in the same subject. 
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III. RESULTS 

A. TABLES OF PARAMETER ESTIMATES 

The sununary statistics for the parameter estimates are 

presented in Tables 1 thru 8 for each of the mathematical 

models studied. The R-square values for the time periods 

TO, Tl, and T2 along with the mean, median, maximum and 

minimum, and standard deviation are given for each 

parameter. 

For the polynomials, the R-squared value is a result 

of the regression sum of squares (SS) divided by the total 

sum of squares. The R-squared values will range from 0 to 

1. The number represents the percent of variation of they 

coordinate that can be explained by x coordinate. It is a 

numerical index of how well the mathematical curve fits the 

data points. The closer the number approximates the number 

1 the better the curve fit. The highest R-squared value for 

the polynomials is the 5th order function. For the non

linear functions, generalized beta and modified catenary, 

R-squared is not calculated. The regression SS and the 
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Table 1 Summary Statistics for the Second Order Polynomial Parameters 

Time Parameter Mean so Minimum 25th Pctl Median 

0 bO -15.3779 2.7300 -21.9615 -17.3883 -15.3842 

b1 -0.0018 0.0198 -0.0473 -0.0150 -0.0028 

b2 0.0560 0.0057 0.0451 0.0516 0.0558 

R-squared 0.9647 0.0313 0.8643 0.9548 0.9719 

1 bO -14.4043 2.2290 -19.6261 -16.0556 -14.7061 

b1 0.0021 0.0134 -0.0257 -0.0065 -0.0007 

b2 0.0441 0.0050 0.0357 0.0401 0.0441 

R-squared 0.9735 0.0172 0.9249 0.9653 0.9766 

2 bO -14.0428 2.2604 -18.5079 -15.6142 -14.2449 

b1 0.0017 0.0149 -0.0370 -0.0055 0.0001 

b2 0.0441 0.0052 0.0328 0.0405 0.0437 

R-squared 0.9763 0.0126 0.9440 0.9709 0.9782 

75th Pctl 

-13.5687 

0.0092 

0.0591 

0.9864 

-12.6330 

0.0121 

0.0478 

0.9863 

-12.2616 

0.0168 

0.0483 

0.9858 

Maximum 

-10.8471 

0.0338 

0.0716 

0.9967 

-10.5745 

0.0396 

0.0543 

0.9952 

-10.1332 

0.0337 

0.0550 

0.9969 

w .,. 



Table 2 Summary Statistics for the Third Order Polynomial Parameters 

Time Parameter Mean so Minimum 25th Pctl Median 75th Pctl Maximum 

0 bO -15.422100 2.732526 -21.956700 -17.469300 -15.416000 -13.583900 -10.889400 

b1 0.000133 0.066275 -0.137170 -0.047760 0.008820 0.043569 0.124665 

b2 0.056253 0.005725 0.045138 0.051832 0.055830 0.059630 0.071686 

b3 0.000006 0.000198 -0.000370 -0.000140 0.000014 0.000159 0.000412 

R-squared 0.966515 0.031141 0.864300 0.956900 0.977100 0.988400 0.997800 

1 bO -14.429900 2.225077 -19.636900 -16.152300 -14.706400 -12.667100 -10.575400 

b1 -0.011900 0.046892 -0.165310 -0.032890 -0.010810 0.021808 0.06?467 

b2 0.044191 0.005017 0.035886 0.040196 0.044230 0.048167 0.054281 

b3 0.000037 0.000121 -0.000160 -0.000060 0.000029 0.000086 0.000456 

R-squared 0.974610 0.017182 0.925300 0.968400 0.978400 0.987400 0.995300 

2 bO -14.069300 2.259856 -18.551400 -15.612700 -14.258100 -12.296100 -10.131700 

b1 -0.015240 0.047030 -0.131370 -0.035420 -0.009020 0.018711 0.066086 

b2 0.044233 0.005229 0.032769 0.040765 0.043789 0.048302 0.055009 

b3 0.000040 0.000123 -0.000015 -0.000040 0.000015 0.000100 0.000379 

R-squared 0.977630 0.012754 0.946100 0.972450 0.979950 0.986850 0.997100 

w 
lJl 



Table 3 Summary Statistics for the Fourth Order Polynomial Parameters 

Time Parameter Mean so Minimum 25th Pctl Median 75th Pctl 

0 bO -13.850100 2.672676 -20.197300 -16.252900 -13.246500 -11.884300 

b1 -0.001580 0.093219 -0.180450 -0.070340 0.005114 0.062195 

b2 0.036258 0.019988 -0.015900 0.024055 0.032554 0.048643 

b3 0.000004 0.000300 -0.000640 -0.000210 -0.000040 0.000250 

b4 0.000033 0.000035 -0.000060 0.000012 0.000039 0.000058 

R-squared 0.985233 0.016401 0.933600 0.981550 0.991900 0.996400 

1 bO -12.533600 1.752610 -15.735300 -13.758000 -12.723400 -11.170100 

b1 -0.017680 0.064957 -0.213700 -0.043330 -0.017550 0.024990 

b2 0.022887 0.010180 -0.002570 0.018175 0.022417 0.029126 

b3 0.000055 0.000181 -0.000220 -0.000060 0.000027 0.000129 

b4 0.000032 0.000018 -0.000009 0.000023 0.000030 0.000043 

R-squared 0.993478 0.006346 0.961900 0.991800 0.995000 0.997350 

2 bO -12.276200 1.691061 -15.136500 -13.650400 -12.137700 -10.856300 

b1 -0.020830 0.061996 -0.168220 -0.061500 -0.013700 0.023685 

b2 0.024139 0.008571 0.005266 0.019492 0.024195 0.028120 

b3 0.000055 0.000170 -0.000210 -0.000070 0.000028 0.000177 

b4 0.000031 0.000015 0.000010 0.000021 0.000029 0.000042 

R-squared 0.994390 0.004286 0.980100 0.994300 0.995050 0.997000 

Maximum 

-9.622030 

0.197936 

0.087194 

0.000544 

0.000085 

0.998500 

-9.393820 

0.080273 

0.045444 

0.000636 

0.000073 

0.999000 

-9.363170 

0.074391 

0.047904 

0.000471 

0.000073 

0.999300 

w 

"' 



Table 4 Summary Statistics for the Fifth Order Polynomial Parameters 

Time Parameter Mean so Minimum 25th Pctl Median 75th Pctl Maximum 

0 bO -13.793800 2.699666 -20.202800 -16.193900 -13.240000 -11.858700 -9.261200 

b1 -0.007650 0.072257 -0.189320 -0.052890 -0.008260 0.032610 0.153355 

b2 0.035161 0.020786 -0.019420 0.021134 0.031679 0.048416 0.087197 

b3 0.000049 0.000649 -0.001440 -0.000280 0.000073 0.000430 0.002013 

b4 0.000038 0.000035 -0.000060 0.000014 0.000043 0.000064 0.000105 

b5 0.000000 0.000001 -0.000004 -0.000001 0.000000 0.000001 0.000002 

R-squared 0.986737 0.015844 0.933700 0.983250 0.993650 0.996950 0.999100 

1 bO -12.491000 1.748039 -15.695400 -13.629300 -12.591100 -11.122800 -9.388440 

b1 -0.002040 0.058928 -0.178750 -0.041840 -0.001770 0.033896 0.127274 

b2 0.022158 0.010339 -0.002930 0.016498 0.021997 0.028975 0.044466 

b3 -0.000040 0.000411 -0.000700 -0.000300 -0.000130 0.000205 0.001324 

b4 0.000034 0.000018 -0.000002 0.000024 0.000031 0.000046 0.000073 

b5 0.000000 0.000001 -0.000002 0.000000 0.000000 0.000000 0.000002 

R-squared 0.994458 0.005591 0.968100 0.993700 0.995650 0.997750 0.999500 

2 bO -12.241200 1.683126 -15.133300 -13.647500 -12.082400 -10.838600 -9.358330 

b1 0.003138 0.069925 -0.157550 -0.040790 -0.010000 0.052995 0.132958 

b2 0.023532 0.008786 0.004617 0.019033 0.023495 0.027607 0.047647 

b3 -0.000080 0.000439 -0.001110 -0.000470 -0.000020 0.000142 0.001134 

b4 0.000032 0.000016 0.000010 0.000022 0.000030 0.000043 0.000073 

b5 0.000000 0.000001 -0.000002 0.000000 0.000000 0.000001 0.000002 

R-squared 0.995495 0.003852 0.980100 0.994950 0.996300 0.998050 0.999300 

w 
-..) 



Table 5 Summary Statistics for the Beta Model Parameters 

Time Parameter Mean so Minimum 25th Pctl Median 75th Pctl Maximum 

-
0 a 2.219243 1.176720 0.383962 1.441232 1.787371 2.784151 5.212489 

b 0.224160 0.092848 -0.173790 0.186157 0.224093 0.266388 0.367441 

c 5.851244 1.584576 1.888889 4.719691 5.797426 7.003863 8.811029 

p 0.853877 0.398571 -0.003660 0.701083 0.800170 0.929470 2.814020 

q 0.853805 0.396201 -0.003250 0.706222 0.791876 0.929669 2.830723 

reg-55 6950.2320 1162.8150 1840.6770 6960.5090 7127.0590 7388.4400 8113.8830 

tot-55 7226.9630 302.7566 6699.0380 7023.5310 7216.1990 7421.6920 8126.9860 

1 a 2.932712 1.094052 1.289758 2.040351 2.831464 3.581069 6.689496 

b 0.226686 0.050036 0.138691 0.197231 0.229925 0.247460 0.372220 

c 6.050439 0.965747 4.178174 5.452594 6.031883 6.409749 8.411607 

p 0.718509 0.127254 0.477198 0.614290 0.730828 0.794214 1.077026 

q 0.720523 0.127797 0.453859 0.620553 0.721900 0.796219 1.099322 

reg-55 7067.7280 236.6439 6609.7330 6908.4950 7045.9260 7208.4670 7597.9760 

tot-55 7083.3160 242.4101 6619.2880 6915.3800 7055.5580 7230.8700 7659.4880 

2 a 2.978147 0.905861 1.260334 2.445522 2.841498 3.591105 4.735755 

b 0.212653 0.027270 0.160121 0.198127 0.212343 0.228622 0.297848 

c 5.698101 0.592947 4.722921 5.316007 5.639471 6.052568 7.353253 

p 0.725052 0.092864 0.545794 0.649004 0.737231 0.776642 0.952349 

q 0.724814 0.096358 0.552834 0.653319 0.735337 0.779928 0.963956 

reg-55 7011.8210 227.6908 6569.5920 6841.0570 7006.3850 7138.9260 7442.2450 

tot-55 7026.4330 232.4532 6574.1110 6860.0150 7017.5740 7159.3260 7489.6960 

w 
00 



Table 6 Summary Statistics for the 3-Parameter Catenary Models 

Time Parameter Mean so Minimum 25th Pctl 

-
0 a 39.681530 3.462446 34.226170 37.277400 

b 0.080060 0.005474 0.067105 0.076509 

e -0.000320 0.010645 -0.023470 -0.007840 

reg-SS 7007.3080 255.0307 6576.1250 6831.6320 

tot-SS 7226.9620 302.7565 6699.0380 7023.5310 

1 a 38.214690 2.535397 34.071020 36.184560 

b 0.070617 0.004123 0.062989 0.067439 

e -0.001550 0.010394 -0.032110 -0.006780 

reg-SS 6902.1920 188.1909 6549.6580 6801.4330 

tot-SS 7083.3160 242.4101 6619.2880 6915.3800 

2 a 37.803110 2.516842 33.636990 35.766750 

b 0.070663 0.004407 0.062024 0.068009 

e -0.001850 0.010191 -0.029100 -0.007860 

reg-SS 6858.4990 177.0180 6517.1740 6716.2590 

tot-SS 7026.4330 232.4532 6574.1110 6860.0150 

Median 

38.925780 

0.080875 

0.000826 

6970.6310 

7216.1990 

38.591580 

0.070426 

-0.001260 

6877.3810 

7055.5580 

37.969780 

0.070437 

-0.002020 

6875.3730 

7017.5740 

75th Pctl 

42.820830 

0.083578 

0.006042 

7176.7570 

7421.6920 

40.149340 

0.073728 

0.003778 

7015.0540 

7230.8700 

39.617180 

0.073341 

0.005787 

6954.1730 

7159.3260 

Maximum 

48.210760 

0.093419 

0.019885 

7759.6200 

8126.9860 

43.609660 

0.079810 

0.020492 

7274.9850 

7659.4880 

42.449400 

0.079327 

0.022820 

7179.5660 

7489.6960 

w 
"' 



Table 7 Summary Statistics for the 4-Parameter Catenary Models 

Time Parameter Mean so Minimum 25th Pctl 

0 a 39.693910 3.461981 34.225250 37.284870 

b 0.080084 0.005468 0.067032 0.076469 

c 0.000005 0.000080 -0.000140 -0.000060 

e -0.001440 0.032399 -0.109990 -0.025480 

reg-SS 7007.7910 254.9913 6576.2550 6831.8150 

tot-SS 7226.9620 302.7565 6699.0380 7023.5310 

1 a 38.224130 2.531243 34.089520 36.187490 

b 0.070635 0.004127 0.062990 0.067501 

c 0.000019 0.000055 -0.000090 -0.000020 

e -0.006830 0.024877 -0.083600 -0.022530 

reg-SS 6902.4500 188.0707 6550.0160 6801.4610 

tot-SS 7083.3160 242.4101 6619.2880 6915.3800 

2 a 37.814690 2.514771 33.636630 35.775760 

b 0.070687 0.004406 0.062034 0.068023 

c 0.000009 0.000068 -0.000120 -0.000030 

e -0.003910 0.028928 -0.069000 -0.024040 

reg-SS 6858.8850 177.0151 6517.2360 6716.4700 

tot-SS 7026.4330 232.4532 6574.1110 6860.0150 

Median 

38.998250 

0.080989 

0.000010 

-0.001170 

6971.3690 

7216.1990 

38.590990 

0.070444 

0.000020 

-0.005990 

6877.4650 

7055.5580 

37.981050 

0.070436 

0.000009 

-0.006800 

6875.4600 

7017.5740 

75th Pctl 

37.284870 

0.083602 

0.000054 

0.019143 

7176.8360 

7421.6920 

40.151240 

0.073732 

0.000052 

0.006749 

7015.1200 

7230.8700 

39.628030 

0.073348 

0.000052 

0.014309 

6955.2370 

7159.3260 

Maximum 

34.225250 

0.093448 

0.000237 

0.058109 

7760.4090 

8126.9860 

43.618980 

0.079816 

0.000197 

0.047759 

7275.1990 

7659.4880 

42.456460 

0.079325 

0.000169 

0.055018 

7180.2300 

7489.6960 

~ 
0 



Table 8 Summary Statistics for the 5-Parameter Catenary Models 

Time Parameter Mean so Minimum 25th Pctl Median 75th Pctl Maximum 

0 a 34.627280 2.299969 30.874950 32.880880 34.488450 36.338400 39.672620 

b 0.009004 0.026504 -0.071190 -0.000610 0.012179 0.023910 0.052950 

c 0.000009 0.000291 -0.000470 -0.000180 -0.000009 0.000115 0.000717 

d 0.000164 0.000072 -0.000140 0.000133 0.000161 0.000199 0.000336 

e -0.002100 0.086532 -0.196620 -0.044980 0.013575 0.058127 0.136980 

reg-SS 7199.6240 295.9144 6687.4200 7012.2660 7179.3860 7376.9910 8077.6670 

tot-SS 7226.9620 302.7565 6699.0380 7023.5310 7216.1990 7421.6920 8126.9860 

1 a 33.461530 1.451884 30.651190 32.306500 33.463970 34.613140 35.871210 

b 0.010860 0.011886 -0.013730 0.005245 0.010506 0.019202 0.037050 

c 0.000049 0.000192 -0.000280 -0.000070 0.000011 0.000142 0.000575 

d 0.000116 0.000027 0.000071 0.000094 0.000113 0.000137 0.000167 

e -0.013960 0.068549 -0.199580 -0.042980 -0.013470 0.03489 0.103398 

reg-SS 7058.4420 231.7858 6612.1760 6908.0430 7032.7630 7192.0200 7579.0340 

tot-SS 7083.3160 242.4101 6619.2880 6915.3800 7055.5580 7230.8700 7659.4880 

2 a 33.181180 1.452226 30.478210 32.053030 32.894140 34.439130 35.429530 

b 0.011992 0.011094 -0.016940 0.006634 0.011068 0.019087 0.039753 

c 0.000049 0.000199 -0.000300 -0.000070 -0.000005 0.000156 0.000469 

d 0.000116 0.000026 0.000068 0.000097 0.000115 0.000133 0.000185 

e -0.017850 0.067073 -0.155330 -0.052970 0.000035 0.016007 0.099462 

reg-SS 7006.0450 223.2562 6570.7410 6846.7770 6999.7000 7131.1840 7430.3630 

tot-SS 7026.4330 232.4532 6574.1110 6860.0150 7017.5740 7159.3260 7489.6960 

ol>o 
f-' 
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total SS remain as separate values. However the closer the 

values are to one another, the better the resultant curve 

fits. The regression SS and total SS values for the 

generalized beta and 5th catenary differed the least and 

also produced the best curve fits. 

B. DEMONSTRATION OF CURVE FITS 

The computer generated curve fits for each 

mathematical function using Case P are demonstrated in 

Figures 5 thru 17. Figure 8 demonstrates the curve fit for 

a 12th order polynomial. The black squares in the figures 

accurately represent the location of the chosen data 

points. 

The superimposed polynomial curve fits generated for 

the maxillary arch for all three time periods are shown in 

Figures 5, 6, and 7. The first Figure, case P, maxillary 

arch, time 0 (PUO), shows that all the polynomials produce 

a good fit to the data points. However as the arch form 

becomes broad and flatter in the anterior segment during 

orthodontic treatment, the lower order polynomials, P2 and 

P3, do not fit as well as the higher order polynomials, P4 

and P5. For Figures 6 and 7, the higher order polynomials 

fit the data points closely and there does not seem to be 



Figure 5. Computer generated polynomial curve fits for. 
case PUO. Demonstrates good fit of the data points for all 
functions. 
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Figure 6. Computer generated polynomial curve fits for 
case PUl. P2 and P3 do not fit the anterior data points 
closely. P4 and P5 closely fit all the data points. 
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Figure 7. Computer generated polynomial curve fits for 
case PU2. P4 and P5 demonstrate very good curve fits. P2 
and P3 poorly .estimate the anterior data points. 
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Figure 8. 
polynomial 
points. 

Computer generated curve fit for 12th order 
demonstrating exact interpolation of the data 
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Figure 9. Computer generated polynomial curve fits for 
case PLO demonstrating good fit by all functions. 
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Figure 10. Computer generated polynomial curve fits for 
case PLl demonstrating good fit by P4 and P5. 
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Figure 11. Computer generated polynomial curve fits for 
case PL2 demonstrating good fit by P4 and P5. 
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Figure 12. Computer generated generalized beta and 
catenary curve fits for case PUO demonstrating excellent 
fit by the beta function, and good fit by the catenary 5 
function. 
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Figure 13. Computer generated generalized beta and 
catenary curve fits for case PUl demonstrating excellent 
fit by the beta function, and good fit by the catenary 5 
function. 
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Figure 14. Computer generated generalized beta and 
catenary curve fits for case PU2 demonstrating excellent 
fit by the beta function, and good fit by the catenary 5 
function. 
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Figure 15. Computer generated generalized beta and 
catenary curve fits for case PLO demonstrates very good fit 
by the beta function and catenary 5 function. 
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Figure 16. Computer generated generalized beta and 
catena~ curve fits for case PLl demonstrates excellent fit 
by the beta function, and good fit by the catena~ 5 
function. 
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Figure 17. Computer generated generalized beta and 
catenary curve fits for case PL2 demonstrates excellent fit 
by the beta function, and good fit by the catenary 5 
function. 
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any appreciable difference in the curves produced by-P4 and 

P5. Within limits, increasing the number of parameters 

improves the curve fit. However, there is a point of 

diminishing returns. That is, increasing the number of 

parameters increases the complexity of the model without 

improving the curve fit. In fact, when saturation is 

reached, the curve will go through all the data points but 

is not a representation of arch form (Figure 8). 

The same results were seen for the mandibular arch 

(Figures 9,10,11). The 2nd and 3rd order polynomial curves 

miss the anterior data points especially for the Tl and T2 

periods. In contrast, the higher order polynomials fit the 

data points accurately for all time periods with the 

exception of the 2nd and 3rd order polynomials. 

For the non-linear models, generalized beta and the 

modified catenary, maxillary and mandibular curve fits were 

generated for Case P for each time period (Figures 12 thru 

17). The modified catenary curves display a poor fit for 

both maxillary and mandibular arches with the exception of 

the 5~ catenary. However the 5th catenary flattens itself in 

the anterior segment for the T1 and T2 periods not fitting 

the data points accurately. The lower catenary curves 



resemble a bell curve and do not appear to be good 

estimates of arch form. 
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The generalized beta function produces a very accurate 

curve fit to the data points for all time periods. With 

the exception of the higher order polynomials, the 

generalized beta demonstrates the best curve fit of any of 

the mathematical functions evaluated. 

The functions with at least five parameters, the 

generalized beta, 4~ order polynomial, and generalized 5~ 

catenary, produced the best curve fits of the ones tested. 

Utilizing the above mathematical functions, the changes in 

arch form that occurred during treatment and post-retention 

can be demonstrated by superimposing the maxillary arch 

forms for all time periods onto one another (Figures 

18,19,20). The same was done for the mandibular arches 

(Figures 21,22,23). 

Looking at the figures it can be seen that both 

maxillary and mandibular arches were expanded in the 

transverse dimension. Even though it was not our objective 

to analyze and critique the treatment mechanics of Dr. 

Haas, it appears the expansion of the maxillary and 

mandibular arches during treatment did not relapse to a 

great extent post-treatment. 



Figure 18. Computer generated superimposition of 4~ order 
polynomial curve fits for PUO,l,and 2. Polynomial 4 with 
five parameters demonstrated good curve fits for all the 
time periods. 
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Figure 19. Computer generated superimposition of 4~ order 
polynomial curve fits for PLO,l, and 2. Good curve fits for 
all the time periods. 
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Figure 20. Computer generated generalized beta curve fits 
for PUO, 1, and 2. Very good curve fits for all time 
periods. 
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LEGEND ON REVERSE SIDE 



Figure 21. Computer generated generalized beta curve fits 
for PLO, 1, and 2. Very good curve fits for all time 
periods. 
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Figure 22. 
curve fits 
periods. 

Computer generated 5~ generalized catenary 
for PUO, l,and 2. Good curve fits for all time 
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Figure 23. Computer generated 5~ generalized catena~ 
curve fits for PLO, l,and 2. Good curve fits for all time 
periods. 
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C. CORRELATION DATA 

Tables 9 thru 11 represent the correlqtion of changes 

in parameters (abstract) with inter-tooth distance 

(concrete) changes for each time period. 
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The Euclidean distance was calculated using the 

Pythagorean formula for all time periods, Tl-TO, T2-Tl, and 

T2-TO. For the 2nd order polynomial model time period Tl· 

TO, the change in parameters is measured as so, 

Using this measuring technique, only a positive value 

can result. Whereas the inter-tooth distance changes can 

result in positive or negative values. The inter-tooth 

distance measurements consist of inter-canine (IC), inter

molar (IM), and molar-incisor (VV) differences for each 

mathematical function and time period. The VV gives us 

information in the anterior-posterior and transverse 

planes. Using Table 9, the mean, standard deviation, and 

individual values for each mathematical function is given 

for Tl-TO, T2-TO, and T2-T1. 



Table 9 Correlations of Changes in Parameters with Inter-Tooth Distance Changes (T1-TO) 

Model 
Parameter 
Distance lntermolar Distance lntercanine Distance Molar-Incisor Distance 

Model Mean SD Mean SD Mean SD Mean SD 

Lower Arch 3.38 2.29 1.22 1.59 0.04 1.92 

2nd Order Polynomial 1.42 1.10 -0.12 -0.34 -0.31 
3rd Order Polynomial 1.42 1.13 -0.09 -0.33 -0.34 
4th Order Polynomial 1.20 0.63 -0.22 -0.18 -0.31 1/) 

c 
5th Order Polynomial 1.17 0.62 -0.27 -0.14 -0.31 

0 

"" ' " Generalized Beta 2.11 1.11 -0.14 -0.23 -0.07 ~ 
~ 

3-Parameter Catenary 1.42 1.05 -0.01 -0.44 -0.47 
0 
0 

4-Parameter Catenary 1.42 1.04 -0.01 -0.44 -0.47 
5-Parameter Catenary 1.06 0.59 -0.23 -0.15 -0.22 

lntermolar Distance lntercanine Distance Molar-Incisor Distance 

Mean SD Mean SD Mean SD 
Upper Arch 5.07 2.88 2.47 2.06 -0.46 2.87 

2nd Order Polynomial 2.07 1.40 0.10 0.09 -0.50 
3rd Order Polynomial 2.09 1.38 0.08 0.08 -0.50 
4th Order Polynomial 2.84 1.78 -0.23 0.24 -0.79 1/) 

c 
5th Order Polynomial 2.82 1.81 -0.26 0.23 -0.82 

0 
~ 

Generalized Beta 2.06 1.06 -0.04 0.00 -0.04 "iii 
~ 
~ 

3-Parameter Catenary 3.19 2.12 -0.13 0.16 -0.72 
0 
0 

4-Parameter Catenary 3.19 2.11 -0.12 0.18 -0.74 
5-Parameter Catenary 2.26 1.68 -0.07 0.46 -0.88 

(0 

"" 



Table 10 Correlations of Changes in Parameters with Inter-Tooth Distance Changes (T2-T1) 

Model 
Parameter 
Distance lntermolar Distance lntercanine Distance Molar-Incisor Distance 

Model Mean so Mean so Mean so Mean so 
Lower Arch -0-41 1.17 -0.77 0.99 -0.59 0.67 

2nd Order Polynomial 0.65 0.46 0.43 -0.06 0.07 
3rd Order Polynomial 0.66 0.47 0.45 -0.09 0.09 
4th Order Polynomial 0.59 0.44 -0.10 -0.06 -0.30 Ul 

c: 
5th Order Polynomial 0.59 0.43 -0.08 0.00 -0.23 g 

m 
Generalized Beta 1.61 0.88 -0.14 -0.29 -0.19 ~ 

3-Parameter Catenary 0.64 0.51 0.26 0.08 -0.08 
0 
u 

4-Parameter Catenary 0.64 0.51 0.27 0.08 -0.08 
5-Parameter Catenary 0.58 0.41 -0.08 0.08 -0.28 

lntermolar Distance lntercanine Distance Molar-Incisor Distance 

Mean so Mean so Mean. so 
Upper Arch -0.43 1.05 -0.28 0.83 -0.70 0.76 

2nd Order Polynomial 0.55 0.46 0.08 0.12 -0.53 
3rd Order Polynomial 0.55 0.46 0.12 0.17 -0.48 
4th Order Polynomial 0.56 0.46 0.29 0.28 -0.31 Ul 

c: 
5th Order Polynomial 0.57 0.44 0.22 0.29 -0.35 

0 

~ 
Generalized Beta 1.16 0.81 -0.18 -0.03 0.05 a; 

~ 
~ 

3-Parameter Catenary 0.61 0.61 0.21 0.16 -0.46 
0 
u 

4-Parameter Catenary 0.61 0.61 0.24 0,17 -0.44 
5-Parameter Catenary 0.46 0.37 0.13 0.14 -0.38 

00 
lJ1 



Table 11 Correlations of Changes in Parameters with Inter-Tooth Distance Changes (T2-TO) 

Model 
Parameter 
Distance lntermolar Distance lntercanine Distance Molar-Incisor Distance 

Model Mean so Mean so Mean so Mean so 
Lower Arch 2.97 2.78 0.44 1.72 -0.55 1.99 

2nd Order Polynomial 1.58 1.04 0.03 -0.51 -0.51 
3rd Order Polynomial 1.59 1.08 0.03 -0.51 -0.56 
4th Order Polynomial 1.17 0.74 0.01 -0.04 -0.44 "' c 
5th Order Polynomial 1.16 0.69 0.01 -0.06 -0.42 .Q .ro 

Generalized Beta 2.19 1.04 C0.22 0.08 0.25 '!! 
~ 

3-Parameter Catenary 1.54 1.10 0.11 -0.54 -0.66 
0 
u 

4-Parameter Catenary 1.53 1.10 0.11 -0.54 -0.66 
5-Parameter Catenary 1.09 0.74 -0.01 -0.03 -0.36 

lntermolar Distance lntercanine Distance Molar-Incisor Distance 
Mean so Mean so Mean so 

Upper Arch 4.64 2.85 2.19 1.96 -1.16 2.79 

2nd Order Polynomial 2.18 1.70 0.14 -0.14 -0.60 
3rd Order Polynomial 2.19 1.70 0.15 -0.13 -0.61 
4th Order Polynomial 2.74 1.91 0.00 0.07 -0.86 "' c 
5th Order Polynomial 2.75 1.91 -0.03 0.06 -0.85 

0 
·~ 

Generalized Beta 1.89 0.75 -0.11 0.21 -0.27 '!! 
~ 

3-Parameter Catenary 3.23 2.40 0.00 0.02 -0.85 
0 
u 

4-Parameter Catenary 3.23 2.40 0.00 0.02 -0.85 
5-Parameter Catenary 2.21 1.82 0.02 0.15 -0.91 

co 
0\ 
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The correlation of the abstract and concrete distances was 

completed using the Spearman Rank Correlation. Spearman 

correlation is the nonparametric form of correlation 

coefficient. The nonparametric correlation was used to 

guard against spurious correlation estimates for any 

unusual distribution in the Euclidean distances in the 

parameter spaces. If 0.7 is considered significant, all 

inter-tooth measurements demonstrated poor correlation. The 

only inter-tooth measurement that had values over 0.7 was 

the molar-incisor (VV) distance mean. This measurement 

being different from IC and IM in that it contains 

information on the anterior-posterior and transverse 

dimensions. It appears that IC and IM, which are single 

linear measurements of the transverse dimension only, do 

not contain enough information to be good descriptors of 

arch form. 

The poorest correlation between the inter-tooth 

changes and parameters was the generalized beta function. 

D. MAXILLARY VS. MANDIBULAR ARCH DISCRIMINATION 

Our final objective was to examine the discriminating 

ability of the mathematical models via their parameter 

metric or inter-tooth measures when comparing maxillary 

versus mandibular arch form over all time periods using 
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two-way analysis of variance (ANOVA). In other words, can 

we identify or detect a significant difference in maxillary 

and mandibular arch form changes for times TO-Tl, Tl-T2, 

and T0-T2. If so which mathematical function or functions 

allow significant differences in the arches to be detected. 

The data was analyzed using two-way analysis of 

variance (ANOVA) . The individual cases and the arch were 

the two main effects. The case is the blocking factor and 

the arch the factor of interest. The least square means of 

the response variables were computed. These means adjust 

for variation in the cases. In this instance, it is 

equivalent to the paired t- test. In Figures 25,26, and 

27, an asterisk above the pairs of bars indicate a 

significant difference between maxillary and mandibular 

arches as determined by the model parameter metric or the 

inter-arch measure. For the period Tl-TO a significant 

difference in maxillary arch form was found by all 

functions except for P2, BT, and the inter-tooth measure 

VV. For the period T2-TO, significant changes in the 

maxillary arch form were found except for P2, P3, BT, and 

vv. 



Figure 24. The asterisk above the bars indicates a 
significant differences between maxillary versus mandibular 
arch for.ms as determined by the parameter metric or inter
tooth measurement for Tl-TO. 
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Figure 25. The asterisk above the bars indicates a 
significant change between maxillary versus mandibular arch 
forms as determined by the parameter metric or inter-tooth 
measurement for T2-T1. 
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Figure 26. The asterisk above the bars indicates a 
significant change between maxillary versus mandibular arch 
forms as determined by the parameter metric or inter-tooth 
measurement for T2-TO. 
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For the period T2-Tl, the only function able to recognize a 

significant difference is the beta function, which found 

the mandibular arch showing a significant change during the 

post-treatment period. 



IV. DISCUSSION 

In the practice of clinical orthodontics, an important 

consideration during treatment planning is the evaluation 

of the shape and form of the dental arches, and any 

predicted changes that may result from the proposed 

treatment. In order to evaluate these longitudinal changes 

with minimal error, an accurate method of 'fitting' any 

dental arch form regardless of its asymmetry must be 

applied. Previously there have been numerous published 

studies and expressed personal opinion on the subject of 

the human dental arch form. Researchers and clinicians 

alike have been trying to find a single shape that best 

describes the so-called 'normal' arch form. The literature 

reveals studies ranging from human embryos to skeletal 

remains that attempt to define this characteristic shape. 

Many authors have come to the conclusion that there is such 

a wide variation in the human anatomy that no consistent 

single descriptor exists for the 'normal' arch form. 

Wheeler (1977} cautioned that "nothing anatomic may be 

reduced to the mathematical exactitude of geometric terms". 

96 
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Nevertheless, in recent times, advanced mathematical 

techniques including beta function, cubic splines, and 

conic sections, have been used in an attempt to describe or 

'fit' the dental arches more accurately with promising 

results. 

Our study proposed new variations of mathematical 

functions, beta and catenary, for fitting dental arch forms 

that have been previously described in the literature and 

to evaluate their use in longitudinal analysis. Maxillary 

and mandibular models for time periods TO, Tl, and T2 were 

evaluated. Using the polynomials as a reference model, the 

Generalized beta and Generalized inverse catenary were 

evaluated on their 'goodness of fit' to the twelve data 

points representing the dentition. Using least squares it 

was demonstrated that the functions with at least five 

parameters provided the most accurate curve fits. These 

included the generalized beta, sili catenary, and the 4th 

order polynomial functions with the beta providing the best 

fit overall. 

Prior to the curve fits in an attempt to develop a 

more predictable way of orienting the x,y plane without 

having to rely on the variable anatomy of the oral cavity, 

the positioning was done mathematically. First the 



98 

coordinate system for each case and arch was established by 

determining a centerpoint using the mean values of all the 

x,y coordinates. More importantly the mean value of the 

posterior teeth bilaterally was found, and a line 

connecting the two mean points was used to rotate all 

points to better establish the vertical and horizontal 

directions. This method of orientation using the mean 

values of the coordinates has not been presented in the 

literature to date. 

The correlation of changes in parameters with inter

tooth distance changes for each time period were all non

significant with the exception of several maxillary molar

incisor inter-tooth measurements. Recognizing that our 

curves for the five-parameter functions are good fits, the 

lack of correlation suggests that there is too little 

information in a single linear measurement to be good 

descriptors of the human arch form. It appears that the 

human dental arch form is far too complex a structure to 

simply try to describe with one or two terms. Sampson5 

agrees by saying that changes in inter-tooth dimensions 

fail to distinguish size and shape changes of an arch. 

Therefore an accurate representation of the dental arch by 

a function may have inherent information that would allow 
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arches. 
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Realizing this potential, we examined the mathematical 

functions via their parameter metric or inter-tooth 

measures when comparing maxillary versus mandibular arch 

form over all time periods using two-way ANOVA. Our 

results were mixed in nature with many of the functions 

able to recognize differences between the maxillary and 

mandibular arches. Nevertheless we are encouraged by the 

above findings and believe further investigation would 

prove to be beneficial in longitudinal analysis of 

treatment effects. 

In conclusion we found that the beta function 

describes the dental arch form more accurately than other 

previous methods, which is in agreement with Braun's (1998) 

findings. The beta function fits the arch forms with 

minimal error, and asymmetry of the arch form had no effect 

on the accuracy of the fit unlike the mathematical symmetry 

present in conic sections. Also the method used in our 

study did not require arbitrary points be added in order 

that the curve remain smooth through the data points as in 

the case with Begole's (1998) cubic splines. A new method 

of orienting the x,y axis without relying on variable 
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anatomic landmarks has been presented in out study. we 

have suggested that there may be too little information in 

single linear measurements to accurately describe arch 

form, and information contained within the functions 

themselves that may allow them to discriminate one arch 

form against another. 

For years teachings unsupported by sound scientific 

research have been passed on from one generation of 

orthodontists to the next. In the immediate future it is 

going to be important for the orthodontic profession to 

demonstrate reliable evidence to support long-held clinical 

beliefs. With years of controversy regarding expansion of 

the arches and its stability or lack thereof, we believe 

that the research presented here may provide some of the 

necessary tools needed to draw conclusions to some of these 

age old questions. The underlying theme being that the 

decisions made every day for our patients should be based 

on the most reliable information available at the time. 



V. SUMMARY 

In summary, this study demonstrated·a successful 

method of orienting the casts for curve fitting by least 

squares estimation without the use of anatomical landmarks. 

The models with at least 4 parameters generally fit well 

across the range of dental casts studied with the 5-

parameter models slightly superior. The longitudinal 

analysis indicates that traditional linear measurements 

such as intercanine width may not adequately measure the 

multidimensional aspects of arch form change. The 

parameter space metrics were able to discriminate between 

upper and lower arch form changes. 
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